In this paper a BEM is used to solve a class of variable coefficient elliptic equations numerically. Some examples are considered to show the convergence, consistency, and accuracy of the numerical solutions.
Introduction
BEM solutions to a number of problems for homogeneous media governed by several types of equations have been obtained (see for examples [1, 2, 3, 4] . However, BEM has not been used extensively to solve problems of inhomogeneous media. Progress towards this end has been shown, works in [5, 6, 7, 8, 9, 10, 11, 12] are the examples. Specifically, the governing equation considered by Salam et. al in [11] takes the form
where the coefficients κ ij depend on x 1 and x 2 and the repeated summation convention (summing from 1 to 2) is employed. This paper is intended to extend the work by Salam et. al [11] for problems with governing equation (1) to for 2D boundary value problems governed by another type of (dimensionless) elliptic equation of the form
Equation ( 2) may be used to model a variety of problems such as steady infiltration problems (when β < 0, see for examples [13, 14] ), acoustic problems (when β > 0, see for examples [15, 16] ), and antiplane strain in elastostatics and plane thermostatic problems (when β = 0). Equation (2) will be transformed to a constant coefficient equation from which a boundary integral equation will derived. It is necessary to place some constraint on the class of coefficients κ ij and β for which the solution obtained is valid. The analysis of this paper is purely formal; the main aim being to construct effective BEM for class of equations which falls within the type (2) .
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The boundary value problem
Referred to a Cartesian frame Ox 1 x 2 a solution to (2) is sought which is valid in a region Ω in R 2 with boundary ∂Ω which consists of a finite number of piecewise smooth closed curves. On ∂Ω 1 the dependent variable µ (x) (x = (x 1 , x 2 )) is specified and on ∂Ω 2
is specified where ∂Ω = ∂Ω 1 ∪ ∂Ω 2 and n = (n 1 , n 2 ) denotes the outward pointing normal to ∂Ω. For all points in Ω the matrix of coefficients [κ ij ] is a real symmetric positive definite matrix so that throughout Ω equation (2) is a second order elliptic partial differential equation. Therefore equation (2) may be written explicitly as
Further, the coefficients κ ij and β are required to be twice differentiable functions of the two independent variables x 1 and x 2 . The method of solution will be to obtain boundary integral equations from which numerical values of the dependent variables µ and P may be obtained for all points in Ω. The analysis is specially relevant to an anisotropic medium but it equally applies to isotropic media. For isotropy, the coefficients in (2) take the form κ 11 = κ 22 and κ 12 = 0 and use of these equations in the following analysis immediately yields the corresponding results for an isotropic medium.
The boundary integral equation
The boundary integral equation is derived by transforming the variable coefficient equation (2) to a constant coefficient equation. The coefficients κ ij and β are required to take the form
where the κ ij and β are constants and g is a differentiable function of x. Use of (4) and (5) and in (2) yields
so that (6) may be written in the form
Use of the identity 
It follows that if g is such that
then the transformation (7) carries the variable coefficients equation (6) to the constant coefficients equation
And if g is such that
Also, substitution of (4) and (7) into (3) gives
where
A boundary integral equation for the solution of (10) and (12) is given in the form
) ∈ ∂Ω and ∂Ω has a continuously turning tangent at (a, b).
The so called fundamental solution Φ in (14) is any solution of the equation
and the Γ is given by
where δ is the Dirac delta function. Following Azis in [17] , for two-dimensional problems Φ and Γ are given by 
whereτ andτ are respectively the real and the positive imaginary parts of the complex root τ of the quadratic
denote the Hankel function of second kind and order zero and order one respectively. K 0 , K 1 denote the modified Bessel function of order zero and order one respectively, ı represents the square root of minus one. The derivatives ∂R/∂x j needed for the calculation of the Γ in (15) are given by
Use of (7) and (13) in (14) yields
This equation provides a boundary integral equation for determining µ and P at all points of Ω.
Numerical examples
Some particular boundary value problems will be solved numerically by employing the integral equation (16) . The main aim is to show the validity of the analysis for deriving the boundary integral equation (16) and the appropriateness of the BEM in solving the problems through the derived boundary integral equation (16) . Standard boundary element method is employed to obtain numerical results. The integrals in equation (16) are evaluated numerically using the Bode's quadrature (see Abramowitz and Stegun in [18] ).
Examples with analytical solutions
In order to see the convergence and accuracy of the BEM we will consider some examples of problems with analytical solutions. Three possible multiparameter forms of function g(x) are quadratical (satisfying (9)), exponential and trigonometrical (satisfying (11) with β > 0 and β < 0 respectively). For all problems considered in this section we take
for exponentially graded materials Figure 4 . The values of the constant coefficients κ ij for the governing equation (2) are
Also, the parameters for the analytical solutions are taken to be
Quadratically graded media For quadratically graded media the function g(x) satisfies (9) . Therefore equation (10) has to be the corresponding constant variable coefficient equation in which β > 0, β < 0 or β = 0.
Problem 4.1.1.1: Case β > 0 in equation (10) We take analytical solutions Figure  3 . Table 1 shows the results of the analytical and BEM solutions with 80, 160 and 320 segments of equal length. The BEM solution converges to the analytical solution as the number of segments increases. 
The results are shown in Table 2 . Again, the BEM solution converges to the analytical solution as the number of segments increases. 
The results are shown in Table 3 . Once again, the BEM solution converges to the analytical solution as the number of segments increases.
Exponentially graded media
Problem 4.1.2.1 A BVP of anisotropic FGM will be considered as a test problem. The function of inhomogeneity g(x) satisfying equation (11) is taken to be (see Figure 2 )
Therefore ψ must satisfy (12) . We choose analytical solution Table 4 shows the results of the analytical and BEM solutions with 80, 160 and 320 segments of equal length. The BEM solution converges to the analytical solution as the number of segments increases. The function of inhomogeneity g(x) satisfying equation (11) is taken to be (see Figure 3 )
The analytical solution is Table 5 shows the results of the analytical and BEM solutions with 80, 160 and 320 segments of equal length. The BEM solution converges to the analytical solution as the number of segments increases.
Examples without analytical solutions
In this section we will consider some examples of problems without simple analytical solutions. We setup some problems for a homogeneous isotropic material by taking g(x) = 1, κ 11 = κ 22 = 1, κ 12 = 0 and with symmetrical boundary conditions. This function g(x) satisfies equation (9) thus we will take ψ (x) that satisfies (10) to be put into the integral equation (14) . The aim is to see the consistency of the BEM of whether it produces symmetrical solutions.
Problem 4.2.1: Case β > 0 in equation (10) For this problem we take β = 1 and the boundary conditions are as shown in Figure 5 . Table 6 shows the results of the BEM solution using 80, 160, 320 and 640 segments of equal length. As x 1
x 2 D(0, 1) (10) We take β = −1 and boundary conditions are as shown in Figure 5 . Table 7 shows the results of the BEM solution using 80, 160, 320 and 640 segments of equal length. The results converge as the number of segments increases and also they are symmetrical about the axes x 2 = 0.5. (10) We consider a problem with β = 0 and the boundary conditions are as shown in Figure 6 . Table  8 shows the results of the BEM solution using 80, 160, 320 and 640 segments of equal length. The results converge as the number of segments increases and also they are symmetrical about the axes x 1 = 0.5. 13 
Conclusion
The scalar elliptic governing equation (2) is used for modelling physical problems such as steady infiltration problems (when β < 0), acoustic problems (when β > 0), and antiplane strain in elastostatics and plane thermostatic problems (when β = 0). The boundary integral equation (16) was derived from this governing equation (2) and straight from (16) a BEM was then constructed for calculation of numerical solutions to the problems for anisotropic functionally graded media specifically including quadratically, exponentially and trigonometrically graded media. The results show the convergence, consistency, and accuracy of the BEM solutions. Together with its ease in implementation, it may be concluded that BEM is a good numerical method for solving such kind of problems.
